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1. Introduction
In the last time there was a great deal of interest in the study of controlability and
Poisson stability of the Hamilton–Lie–Poisson mechanical systems. We can remind here
the results of Lian, Wang and Fu [3] and Manikonda and Krishnaprasad [5].
The goal of our paper is to discuss these problems for the n-dimensional Toda lattice.
2. Controlability and Poisson stability
Let M be a smooth n-dimensional manifold and
x˙ = f (x)+
m∑
i=1
gi(x)ui (2.1)
a nonlinear control system on M , where
f,g1, . . . , gm ∈ X (M)
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are analytic vector fields on M and the control
u = (u1, u2, . . . , um) : (0,∞) −→ B ⊆ Rm
is a measurable function and B is a bounded subset of Rm.
We shall denote by L, the Lie subalgebra of X (M) generated by the vector fields
f,g1, . . . , gm, i.e.,
L= span(f, g1, . . . , gm).
Definition 2.1. We say that the system (2.1) satisfies the Lie algebra rank condition (LARC)
if the following equality holds:
L(x) = TxM, (∀)x ∈ M,
where
L(x) = span(Xx | X ∈ L).
Definition 2.2. We say that the system (2.1) is controllable if for any two point xI , xF in
M there exists a control u which takes the system (2.1) from x = xI at t = tI to x = xF at
t = tF .
It is well known that for a nonlinear control system without drift, i.e., f = 0, the LARC
implies controlability, see for details Chow [2].
For the general case f = 0, the situation is more complicated and general LARC is not
sufficient to guarantee the controlability. Let try now to explain which is in fact the present
state of art.
Let X ∈X (M) be a smooth, complete vector field an M and {Φt }t∈R its flow.
Definition 2.3. A point x ∈ M is called positively Poisson stable for X ∈ X (M) if for all
T > 0 and any neighborhood Vx of x , there exists a time t > T such that
Φt(x) ∈ Vx.
Definition 2.4. The vector field X ∈ X (M) is called positively Poisson stable if the set of
positively Poisson stable points for X is dense in M .
Definition 2.5. A point x ∈ M is called a nonwandering point of X ∈X (M) if for all T > 0
and for any neighborhood Vx of x , there exists a time t > T such that:
Φt(Vx) ∩ Vx = ∅.
We shall denote by ΓX the nonwandering set of X, i.e., the set of all nonwandering
points of X.
Remark 2.1. It not hard to see that if X ∈X (M) is a positively Poisson stable vector field
on M , then
ΓX = M.
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Definition 2.6. A vector field X ∈ X (M) is called weakly positive Poisson stable (WPPS)
if its nonwandering set is M , i.e.,
ΓX = M.
Remark 2.2. It is not hard to see that on a compact symplectic manifold each Hamiltonian
vector field is WPPS and this is a consequence of the Liouville theorem and Poincaré
recurrence theorem.
The connection between Poisson stability and controlability is given in the following
theorem:
Theorem 2.1 ([3]). Let us suppose the vector field f is WPPS. Then the system (2.1) is
controllable if the LARC is satisfied.
Remark 2.3. The earlier version of the above result, but with restriction f is Poisson stable,
can be found in Lorby [4] and Bonnard [1].
3. Controlability, Poisson stability and Lie–Poisson dynamics
Let G be a Lie group which acts on itself by left translations. Then we have:
(i) T ∗G/G 
 g∗
where g∗ is the dual of the Lie algebra g of G;
(ii) C∞L (T ∗G,R) 
 C∞(g∗,R)
where C∞L (T ∗G,R) is the space of smooth real valued, left invariant functions defined
on T ∗G;
(iii) {·, ·}T ∗G/G ≡ {·, ·}_
where {·, ·}
_
is the minus Lie–Poisson structure on g∗, i.e.,
{f,g}
_
(µ) = (∇f )t · Π
_
(µ) · (∇g),
for each f,g ∈ C∞(g∗,R), and where
(
Π
_
(µ)
)
ij
= −ckij · µk ·
∂f
∂µi
· ∂g
∂µj
.
Here µ ∈ g∗ and ckij are the constants of structure of g, associated to basis {e1, . . . , en} of
g, i.e.,
[ei, ej ] = ckij · ek,
and
µ = µi · ei
where {e1, . . . , en} is the dual basis of g, i.e.,
ei(ej ) = δij .
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(iv) A left invariant Hamiltonian system on T ∗G gives rise to a reduced dynamics on
(g∗, {·, ·}
_
) (or shorter g∗
_
). Moreover, each dynamics on g∗
_
can be obtained in this manner.
In this picture we have the following result:
Theorem 3.1 ([5]). Let ∈ C∞L (T ∗G,R). Then we have:
(i) If G is a compact group, the coadjoint orbits of g∗ are bounded and the Lie–Poisson
reduced Hamiltonian vector field X
H˜
defined by:
X
H˜
(µ) = {µ, H˜ }
_
where
H˜ = H |g∗
is WPPS.
(ii) If G is a noncompact group then the Lie–Poisson reduced Hamiltonian vector field
XH˜ is WPPS if there exists a function V ∈ C∞(g∗,R) such that V is bounded below,
lim‖µ‖→∞V (µ) = ∞ and V˙ = 0,
along the trajectories of the system.
4. The n-dimensional Toda lattice with controls
Let us consider the dynamics of the n-dimensional Toda lattice with n particular
controls:

a˙1 = 2b21 + u1
a˙2 = 2
(
b22 − b21
)
a˙3 = 2
(
b23 − b22
)
...
a˙n = −2b2n−1
b˙1 = b1(a2 − a1) + un+1
b˙2 = b2(a3 − a2) + un+2
...
b˙n−1 = bn−1(an − an−1) + u2n−1
(4.1)
where
ui : (0,∞) → Bi , i = 1,2, . . . , n,
are measurable functions with Bi bounded sets in R, i = 1,2, . . . , n.
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Proposition 4.1. The system:

a˙1 = 2b21
a˙2 = 2
(
b22 − b21
)
a˙3 = 2
(
b23 − b22
)
...
a˙n = −2b2n−1
b˙1 = b1(a2 − a1)
b˙2 = b2(a3 − a2)
...
b˙n−1 = bn−1(an − an−1)
(4.2)
has the following Lie–Poisson realization:(
R2n−1,ΠT ,HT
)
,
where
ΠT =
[
On−1,n−1 An−1,n
−Atn−1,n On,n
]
,
An−1,n =


−a1 a1 0 0 · · · 0 0
0 −a2 a2 0 · · · 0 0
...
...
...
...
...
...
0 0 0 0 · · · −an−1 an−1


and
HT (a1, . . . , an−1, b1, . . . , bn) = 12
(
a21 + a22 + · · · + a2n−1
)+ b21 + · · · + b2n.
Proof. Indeed, an easy computation shows us that:
ΠT · ∇HT =
[
a˙1, . . . , a˙n, b˙1, . . . , b˙n−1
]
as required. 
Proposition 4.2. The system (4.1) satisfies LARC.
Proof. Let
f = 2b21
∂
∂a1
+ 2(b22 − b21) ∂∂a2 + · · · − 2b2n−1
∂
∂an
+ b1(a2 − a1) ∂
∂b1
+ b2(a3 − a2) ∂
∂b2
+ · · · + bn−1(an − an−1) ∂
∂bn−1
,
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g1 = ∂
∂a1
,
gn+1 = ∂
∂b1
,
...
g2n−1 = ∂
∂bn−1
.
Then we have:
[f,gn+p] = −4bp ∂
∂ap
+ 4bp ∂
∂ap+1
− (ap+1 − ap) ∂
∂bp
,
for each p = 1,2, . . . , n − 1, and
[[f,gn+p], gn+p]= 4 ∂
∂ap
− 4 ∂
∂ap+1
,
for each p = 1,2, . . . , n − 1.
Therefore:
det
(
g1, gn+1, . . . , g2n−1,
[[f,g2n−1], g2n−1], . . . , [[f,gn+1], gn+1])(a1, . . . , an,
b1, . . . , bn−1)
= det


1 0 0 · · · 0 ... 0 0 · · · 0 4
0 0 0 · · · 0 ... 0 0 · · · 4 −4
0 0 0 · · · 0 ... 0 0 · · · −4 0
...
...
... · · · ... ... ... ... · · · ... ...
0 0 0 · · · 0 ... 0 4 · · · 0 0
0 0 0 · · · 0 ... 4 −4 · · · 0 0
0 0 0 · · · 0 ... −4 0 · · · 0 0
· · · · · · · · · · · · · · · ... · · · · · · · · · · · · · · ·
0 1 0 · · · 0 ... 0 0 · · · 0 0
0 0 1 · · · 0 ... 0 0 · · · 0 0
...
...
... · · · ... ... ... ... ... ... ...
0 0 0 · · · 0 ... 0 0 · · · 0 0
0 0 0 · · · 1 ... 0 0 · · · 0 0


= (−1)n · 4n−1
= 0
for each (a1, . . . , an, b1, . . . , bn−1) ∈ R2n−1. It follows that dimL(a1, . . . , an, b1, . . . ,
bn−1) = 2n − 1, for each (a1, . . . , an, b1, . . . , bn−1) ∈ R2n−1, as required. 
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Proposition 4.3. The vector field f given by:
f = 2b21
∂
∂a1
+ 2(b22 − b21) ∂∂a2 + · · · + 2b2n−1
∂
∂an
+ b1(a2 − a1) ∂
∂b1
+ b2(a3 − a2) ∂
∂b2
+ · · · + bn−1(an − an−1) ∂
∂bn−1
is WPPS.
Proof. Let us define the function V by:
V (a1, . . . , an, b1, . . . , bn−1)
= 1
2
(
a21 + · · · + a2n
)+ b21 + · · · + b2n−1 + a1 + · · · + an.
Then we have: (i)
lim‖(a,b)‖→∞V (a, b) = ∞ where (a, b) = (a1, . . . , an, b1, . . . , bn−1)
and ‖(a, b)‖ =
√
a21 + · · · + a2n + b21 + · · · + b2n−1.
(ii) V is bounded below. Indeed, an easy computation show us that the point
(−1, . . . ,−1︸ ︷︷ ︸
n
,0, . . . ,0︸ ︷︷ ︸
n−1
)
is a minimum of V and then our assertion follows immediately.
(iii) V˙ = 0 along the trajectories of (4.2) because
HT (a1, . . . , an, b1, . . . , bn−1) = 12
(
a21 + · · · + a2n
)+ b21 + · · · + b2n−1
is the Hamiltonian of our system (4.2) and CT (a1, . . . , an, b1, . . . , bn−1) = a1 + · · · + an
is a Casimir of our configuration (R2n−1,ΠT ).
Therefore we can conclude via Theorem 3.1(ii) that the vector field f is WPPS. 
As a consequence we obtain:
Theorem 4.4. The dynamics (4.1) is controllable.
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